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Gravitons are the quantum counterparts of gravitational waves in low-energy theories of gravity.
Using Feynman rules one can compute scattering amplitudes describing the interaction between
gravitons and other fields. Here, we consider the interaction between gravitons and photons. Using
the quantum Boltzmann equation formalism, we derive fully general equations describing the radia-
tion transfer of photon polarization, due to the forward scattering with gravitons. We show that the
Q and U photon linear polarization modes couple with the V photon circular polarization mode, if
gravitons have anisotropies in their power-spectrum statistics. As an example, we apply our results
to the case of primordial gravitons, considering models of inflation where an anisotropic primordial
graviton distribution is produced. Finally, we evaluate the effect on cosmic microwave background
(CMB) polarization, showing that in general the expected effects on the observable CMB frequencies
are very small. However, our result is promising, since it could provide a novel tool for detecting
anisotropic backgrounds of gravitational waves, as well as for getting further insight on the physics
of gravitational waves.
PACS numbers:
I. INTRODUCTION
From an effective field theory (EFT) point of view, general relativity can be considered as the low energy limit of a
well-defined renormalizable theory of gravity. In this low energy theory, gravitational waves are (transverse-traceless)
fluctuations around a suitable background space-time; expanding the Einstein-Hilbert Lagrangian in a power series of
these fluctuations we are able to extract a positive-definite kinetic term, describing the free propagation of gravitational
waves. Thus, we are able to canonically quantize gravitational waves, introducing creation and annihilation operators,
as it is done with the particle content and gauge bosons of the standard model of fundamental interactions. In such
a formalism field operators describing gravitational waves are called gravitons. In particular, expanding the full
covariant Lagrangian of a generic theory in power series of all the field content, we can derive interaction terms
between gravitons and other fields.
Here, using this quantum field theory (QFT) approach, we study the radiation transfer of a photon due to the
so-called “gravitational Compton scattering” with gravitons. In this case the full Lagrangian we have to consider
is the sum of the Einstein-Hilbert Lagrangian and the covariant electromagnetic Lagrangian. Feynman amplitudes
describing gravitational Compton scattering have already been computed in the literature (see e.g. Refs. [1–3]). The
time evolution of the polarization matrix of a photon is given by the formalism of the so-called “quantum Boltzmann
equation” (see e.g. Refs. [4–9]). It is possible to show that this formalism is equivalent at lowest order in scattering
kinematics to the classical radiative transfer, hence it provides a more general framework. In particular, here we will
focus on the so-called “forward scattering” term of the quantum Boltzmann equation. In fact, this term appears to
be the lowest-order term in a perturbative expansion in power series of the interaction Hamiltonian of the theory,
thus it is expected to provide the most sensitive effects on the dynamics of the photon polarization.
In this paper we will show that when a photon interacts with gravitons that are characterized by anisotropies in
their power-spectrum statistics, the photon’s Stokes parameters Q and U couple with the V Stokes parameter in a
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2non-trivial way, causing a change in the state of polarization of the photon. In particular, we will apply our result
to the interaction between anisotropic primordial gravitons from inflation and cosmic microwave background (CMB)
photons. We will show that, differently from the classical description (see e.g. Refs. [10, 11]), this effect may lead to
the production of the V polarization state for CMB photons. However, in our case it turns out that in general the
amplitude of such a polarization is expected to be very small. This makes the effect very difficult to detect through
CMB measurements. The possibility of having V mode generation in the CMB is an issue already studied in the
literature, see e.g. Refs. [5–7, 9, 12–16]; in particular, in Ref. [12] detection prospects are discussed, and in Ref. [15]
some observational constraints are derived.
Despite the smallness of the effect we studied, we believe that the main result of our analysis is promising: on
the one hand because one can try to look for this effect, by considering different frameworks for the photon-graviton
(forward-scattering) interactions, and, on the other hand, because one could develop controlled photon beams, to
constrain the presence of anisotropic gravitational-wave backgrounds in the Universe.
The paper is organized as follows. In Sec. II we study the effect of the photon-graviton forward scattering in the
photon polarization, deriving fully general Boltzmann equations for the photon. In Sec. III we employ this set of
equations in the context of inflationary models where an anisotropic background of gravitational waves is produced;
we also perform a general estimate of the detectability of the expected effects on the polarization of CMB photons.
Finally, in Sec. IV we summarize our work and briefly comment on the importance of the current result for future
applications.
II. EFFECTS OF PHOTON-GRAVITON FORWARD SCATTERING ON PHOTON POLARIZATION
A. Forward scattering of photon with graviton
The quantum Boltzmann equation for a photon interacting with a graviton is given by [4]
(2π)3δ(3)(0)(2k0)
dρ
(γ)
ij (k)
dt
= i
〈[
Hγg(t),D(γ)ij (k)
]〉
− 1
2
∫ +∞
−∞
dt′
〈[
Hγg(t
′),
[
Hγg(t),D(γ)ij (k)
]]〉
, (1)
where ρ
(γ)
ij is the polarization matrix of the photon [see Eq. (32)], D(γ)ij = a†iaj is the photon number operator and
Hγg(t) is the quantum interaction Hamiltonian between photons and gravitons, defined in terms of the second order
S-matrix as [4]
S(2) = −i
∫ ∞
−∞
dtHγg(t) . (2)
The first term on the right-hand side of Eq. (1) is the so-called forward scattering term, while the second term is
the so-called damping or nonforward scattering term. Equation (1) is obtained adopting a perturbative approach so
that increasing powers of the interaction Hamiltonian Hγg(t) reduce the strength of the corresponding term. For this
reason, we drop the damping term and we consider only the forward scattering one. Thus, our Boltzmann equation
reads
(2π)3δ(3)(0)(2k0)
dρ
(γ)
ij (k)
dt
= i
〈[
Hγg(t),D(γ)ij (k)
]〉
. (3)
In order to derive the photon-graviton interaction Hamiltonian we follow the same convention of Refs. [1, 17]. The
gravitational dynamics is given by the Einstein-Hilbert Lagrangian
Lg =
√−g
κ2
gαλ
(
ΓβαλΓ
µ
βµ − ΓµαβΓβλµ
)
, (4)
where κ2 = 16πG and we have dropped, as usual, irrelevant surface terms. We consider the weak-field limit and
expand the metric around Minkowski space-time in powers of κ, as
gµν(x) = ηµν + κhµν(x) , (5)
where hµν(x) is the graviton field. Now, we have to expand the Lagrangian (4) around the background in powers of
κ and hµν(x). The terms linear in hµν(x) vanish by virtue of Einstein’s equations. We keep only the nonlinear terms
3in hµν(x), up to first order in κ. In fact, it is possible to show that terms with higher powers of κ give a gradually
suppressed contribution, when inserted into Eq. (3) . Thus, we have
Lg = L(0)g + L(1)g +O(κ2) , (6)
where L(0)g is the Lagrangian describing the free propagation of gravitons and reads
L(0)g =
1
4
{
hα,βα
(
2h,λβλ − hαα,β
)
+ hσλ,α (−2hαλ,σ + hσλ,α)
}
, (7)
L(1)g is the three-gravitons interaction Lagrangian and is given by
L(1)g = κ
{
1
2
hααL(0)g −
1
4
hλρ
[
2hαα,σ
(
hσλ,ρ − h,σλρ
)
+
(−2hαλ,σhσ,αρ + 2hσλ,αhσ,αρ + hασ,λhσα,ρ )
+hαα,λ
(
2hνρ,ν − hαα,ρ
)
+ 2hσν,ν hλρ,σ − 4hσ,αρ hασ,λ
]}
. (8)
Here and in the following Greek indices are raised and lowered using the Minkowski metric ηµν . Now, we make the
following spatial Fourier expansion for the graviton field
hµν(x) =
∫
d3q
(2π)3
1
2q0
∑
r=+,×
[
br(q)h
(r)
µν e
iqx + b†r′(q)h
(r) ∗
µν e
−iqx
]
, (9)
where b
(r)
q and b
(r) †
q are graviton annihilation and creation operators, respectively, obeying the canonical commutation
relations [
br(q), b
†
r′(q
′)
]
= (2π)32q0δ(3)(q− q′)δrr′ , (10)
and h
(r)
µν are the polarization tensors with the well-known properties
h(r)µν (q)q
µ = 0 , hµµ(q) = 0 , h
(r)
µν (q)
(
h(r
′)µν(q)
)∗
= δrr
′
. (11)
It is also convenient to represent the polarization tensor h(r)µν in terms of a direct product of unit spin polarization
vectors
h(r)µν = e
(r)
µ e
(r)
ν , e
(r)
µ q
µ = 0 ,
[
e(r)µ (q)
(
e(r
′)µ(q)
)∗]2
= δrr
′
. (12)
The explicit expression for the graviton propagator in the harmonic (de Donder) gauge is given by [1, 17]
D
(g)
µναβ(q) =
i
q2
(ηµαηνβ + ηµβηνα − ηµνηαβ) . (13)
To compute the S-matrix (2) we need to consider also the covariant electromagnetic Lagrangian density [1, 17]
Lγ = L(0)γ + L(1)γ + L(2)γ +O(κ3) , (14)
where L(0)γ is the part of the Lagrangian that describes the free photon propagation and is given by
L(0)γ = −
1
16π
FµνF
µν , (15)
where, as usual, Fµν = ∂µAν − ∂νAµ is the gauge-field strength and Aµ is the photon field. The remaining terms on
the right-hand side of Eq. (14) give the photon-graviton couplings
L(1)γ = −
κ
16π
(
1
2
hαα FµνF
µν − 2hµνFαµ Fαν
)
, (16)
and
L(2)γ = −
κ2
16π
{
−hααhµνFαµ Fαν +
[
1
8
(hαα)
2 − 1
4
hµνh
µν
]
FαβF
αβ + hµνhαβFµαFνβ + 2h
µαhναFµβF
β
ν
}
. (17)
4In particular, L(1)γ gives the two photons-one graviton interaction vertex, while L(2)γ gives the two photons-two gravitons
vertex. Notice that in Eq. (14) we considered also a coupling term which is quadratic in κ. This should not create any
confusion, since the important fact is that, when we will apply the formula (3), the term (17) will give a contribution
of the same order in powers of κ.
As we made for the graviton field, we expand also the photon field in Fourier space as
Aµ(x) =
∫
d3p
(2π)3
1
2p0
∑
s=1,2
[
as(p) ǫ
(s)
µ e
ipx + a†s′(p) ǫ
(s) ∗
µ e
−ipx
]
, (18)
where ǫ
(s)
µ are the real photon polarization four-vectors, s labels the two physical transverse photon polarizations, as
and a†s′ are photon annihilation and creation operators, respectively, satisfying the canonical commutation relation[
as(p), a
†
s′ (p
′)
]
= (2π)32p0δ(3)(p− p′)δss′ . (19)
We fix the Feynman gauge for the photon field, thus the photon propagator is given by [1, 17]
D(γ)µν (p) = −4π
i
p2
ηµν . (20)
Now, we have all the elements to evaluate the right-hand side of Eq. (3). In fact, the expression of the second order
S-matrix contribution describing the photon-graviton scattering is
S(2) = −1
2
∫
d4x1d
4x2 T
{
L(1)γ (x1)L(1)γ (x2)
}
− 1
2
∫
d4x1d
4x2 T
{
L(1)γ (x1)L(1)g (x2)
}
+ i
∫
d4xL(2)γ (x) , (21)
where T denotes the time-ordering operator.
Now, calling p and p′ the incoming and outgoing momenta of the photon, q and q′ the incoming and outgoing
momenta of the graviton, we can evaluate the second-order S-matrix (21) using Feynman’s rules (see Refs. [1, 2]).
In particular, Feynman diagrams for the photon-graviton scattering are shown in Fig. 1. The result is such that the
photon-graviton interaction Hamiltonian defined in (2) turns out to be
Hγg(t) =
∫
dqdq′dpdp′(2π)3δ(3)(q′ + p′ − q− p) exp [it(q′0 + p′0 − q0 − p0)]
×
[
b†r′(q
′)a†s′(p
′)(M1 +M2 +M3)as(p)br(q)
]
, (22)
where for simplicity of notation
dq =
d3q
(2π)32q0
, dp =
d3p
(2π)32p0
, (23)
and the three different Feynman amplitudes appearing in Eq. (22) are given by [1]
M1 =
κ2
p · q [p
µ(e · ǫ)− ǫµ(p · e)] [p′ν(ǫ′∗ · e′∗)− ǫ′∗ν(p′ · e′∗)]
×
[
g(0)µν (e · p)(e′∗ · p′) + qµq′ν(e · e′∗)− e′∗µ q′ν(e · p)− qµeν(e′∗ · p′)
]
+ (ǫ, p↔ ǫ′∗,−p′) , (24)
M2 =
κ2
2q · q′ {[(p · p
′)(ǫ · ǫ′∗)− (ǫ′∗ · p)(ǫ · p′)] [2(e · q′)(e′∗q)− (e · e′∗)(q · q′)](e · e′∗)
− [(p · p′)ǫµǫ′∗ν + (ǫ · ǫ′∗)pµp′ν − (p · ǫ′∗)ǫµp′ν − (ǫ · p′)pµǫ′∗ν + (ǫ, p↔ ǫ′∗,−p′)]
× [(e · e′∗)2qµq′ν − 2(e · e′∗)(q · q′)eµe′∗ν + 2(e · q′)(e′∗ · q)eµe′∗ν + (e · q′)2e′∗µ e′∗ν
+(e′∗ · q)2eµeν − 2(e · e′∗)(e · q′)e′∗ν q′µ − 2(e · e′∗)(e′∗ · q)eνqµ
]}
, (25)
M3 = κ
2
{
(e · e′∗)2[(p · p′)(ǫ · ǫ′∗)− (p · ǫ′∗)(p′ · ǫ)]− 2[(p · e)(ǫ · e′∗)− (p · e′∗)(ǫ · e)]
×[(p′ · e)(ǫ′∗ · e′∗)− (p′ · e′∗)(ǫ′∗ · e)]− 2(e · e′∗)[(p · e)(p′ · e′∗)(ǫ · ǫ′∗)
+(ǫ · e)(ǫ′∗ · e′∗)(p · p′)− (p · e)(ǫ′∗ · e′∗)(ǫ · p′)− (e · ǫ)(p′ · e′∗)(p · ǫ′∗)
+(ǫ, p↔ ǫ′∗,−p′)]} , (26)
5where e ≡ e(r)(q), e′ ≡ e(r′)(q′), ǫ ≡ ǫ(s)(p) and ǫ′ ≡ ǫ(s′)(p′). At the end one can explicitly show that the contribution
of M1 +M3 amplitudes in the forward scattering vanishes. Hence, we focus only on M2. After expanding M2 and
doing some algebra we obtain
M2 = − κ
2
2(q · q′)
{
(e · e′∗)2 [(q · ǫ′∗) ((p · p′)(ǫ · q′)− (p · q′)(ǫ · p′)) + (ǫ · ǫ′∗) ((p · q′)(q · p′) + (p · p′)(q · q′)
+(p · q)(p′ · q′))− (p · ǫ′∗) ((q · q′)(ǫ · p′) + (q · p′)(ǫ · q′) + (q · ǫ)(p′ · q′)) + (q′ · ǫ′∗) ((p · p′)(q · ǫ)
−(p · q)(ǫ · p′))]− 2(e · e′∗) {−(e · p′)(p · ǫ′∗)(q · ǫ)(q · e′∗)− (e · ǫ)(p · ǫ′∗)(q · p′)(q · e′∗)
+(e · ǫ)(p · p′)(q · ǫ′∗)(q · e′∗)− (e · q′)(p · ǫ′∗)(ǫ · p′)(q · e′∗)− (e · p)(q · ǫ′∗)(ǫ · p′)(q · e′∗)
−(e · p′)(p · ǫ′∗)(q · q′)(ǫ · e′∗) + (e · ǫ′∗) [(p · p′) ((q · ǫ)(q · e′∗) + (q · q′)(ǫ · e′∗))− (ǫ · p′) ((p · q)(q · e′∗)
+(p · e′∗)(q · q′))]− (e · ǫ)(p · ǫ′∗)(q · q′)(p′ · e′∗)− (e · q′)(p · ǫ′∗)(ǫ · q′)(p′ · e′∗) + (e · ǫ)(p · p′)(q · q′)(e′∗ · ǫ′∗)
−(e · q′)(p · q′)(ǫ · p′)(e′∗ · ǫ′∗)− (e · p)(q · q′)(ǫ · p′)(e′∗ · ǫ′∗) + (e · q′)(p · p′)(ǫ · q′)(e′∗ · ǫ′∗)
−(e · q′)(p · ǫ′∗)(ǫ · e′∗)(p′ · q′) + (ǫ · ǫ′∗) [(e · p′) ((p · q)(q · e′∗) + (p · e′∗)(q · q′)) + (e · p) ((q · e′∗)(q · p′)
+(q · q′)(e′∗ · p′)) + (e · q′) ((p · p′)(q · e′∗) + (p · q′)(e′∗ · p′) + (p · e′∗)(p′ · q′))] + (e · q′)(p · p′)(ǫ · e′∗)(q′ · ǫ′∗)
−(e · q′)(p · e′∗)(ǫ · p′)(q′ · ǫ′∗)}+ 2{(e · q′)2 [(p′ · e′∗) ((ǫ · ǫ′∗)(p · e′∗)− (p · ǫ′∗)(ǫ · e′∗))
+(e′∗ · ǫ′∗) ((p · p′)(ǫ · e′∗)− (p · e′∗)(ǫ · p′))] + (q · e′∗)(e · q′) [(e · p′) ((ǫ · ǫ′∗)(p · e′∗)− (p · ǫ′∗)(ǫ · e′∗))
+(e · ǫ′∗) ((p · p′)(ǫ · e′∗)− (p · e′∗)(ǫ · p′)) + (e · p) ((ǫ · ǫ′∗)(e′∗ · p′)− (ǫ · p′)(e′∗ · ǫ′∗))]
+(e · p)(q · e′∗)2 ((ǫ · ǫ′∗)(e · p′)− (e · ǫ′∗)(ǫ · p′)) + (e · ǫ)(q · e′∗) [(e · ǫ′∗)(p · p′)(q · e′∗)
−(p · ǫ′∗) ((e · p′)(q · e′∗) + (e · q′)(e′∗ · p′)) + (e · q′)(p · p′)(e′∗ · ǫ′∗)]}} . (27)
Now, using the four-momentum conservation q · q′ = p · p′, we can rewrite M2 as
M2 = −κ
2
2
{
(e · e′∗)2 ((q · ǫ′∗)(ǫ · q′) + (ǫ · ǫ′∗)(p · p′)− (p · ǫ′∗)(ǫ · p′) + (q′ · ǫ′∗)(q · ǫ))− 2(e · e′∗) [(e · ǫ)(q · ǫ′∗)(q · e′∗)
−(e · p′)(p · ǫ′∗)(ǫ · e′∗) + (e · ǫ′∗) ((q · ǫ)(q · e′∗) + (p · p′)(ǫ · e′∗)− (ǫ · p′)(p · e′∗))− (e · ǫ)(p · ǫ′∗)(p′ · e′∗)
+(e · ǫ)(p · p′)(e′∗ · ǫ′∗)− (e · p)(ǫ · p′)(e′∗ · ǫ′∗) + (e · q′)(ǫ · q′)(e′∗ · ǫ′∗) + (ǫ · ǫ′∗) ((e · p′)(p · e′∗)
+(e · p)(e′∗ · p′) + (e · q′)(q · e′∗)) + (e · q′)(ǫ · e′∗)(q′ · ǫ′∗)] + 2 [(e · q′)2(e′∗ · ǫ′∗)(ǫ · e′∗)
+(q · e′∗)(e · q′)(e · ǫ′∗)(ǫ · e′∗) + (e · ǫ)(q · e′∗) ((e · ǫ′∗)(q · e′∗) + (e · q′)(e′∗ · ǫ′∗))]}
− κ
2
2(q · q′)
{
(e · e′∗)2 [−(q · ǫ′∗)(p · q′)(ǫ · p′) + (ǫ · ǫ′∗) ((p · q′)(q · p′) + (p · q)(p′ · q′))− (p · ǫ′∗) ((q · p′)(ǫ · q′)
+(q · ǫ)(p′ · q′))− (q′ · ǫ′∗)(p · q)(ǫ · p′)]− 2(e · e′∗) {−(e · p′)(p · ǫ′∗)(q · ǫ)(q · e′∗)− (e · ǫ)(p · ǫ′∗)(q · p′)(q · e′∗)
−(e · q′)(p · ǫ′∗)(ǫ · p′)(q · e′∗)− (e · p)(q · ǫ′∗)(ǫ · p′)(q · e′∗)− (e · ǫ′∗)(ǫ · p′)(p · q)(q · e′∗)
−(e · q′)(p · ǫ′∗)(ǫ · q′)(p′ · e′∗)− (e · q′)(p · q′)(ǫ · p′)(e′∗ · ǫ′∗)− (e · q′)(p · ǫ′∗)(ǫ · e′∗)(p′ · q′)
+(ǫ · ǫ′∗) [(e · p′)(p · q)(q · e′∗) + (e · p)(q · e′∗)(q · p′) + (e · q′) ((p · q′)(e′∗ · p′) + (p · e′∗)(p′ · q′))]
−(e · q′)(p · e′∗)(ǫ · p′)(q′ · ǫ′∗)}+ 2{(e · q′)2 [(p′ · e′∗) ((ǫ · ǫ′∗)(p · e′∗)− (p · ǫ′∗)(ǫ · e′∗))
−(e′∗ · ǫ′∗)(p · e′∗)(ǫ · p′)] + (q · e′∗)(e · q′) [(e · p′) ((ǫ · ǫ′∗)(p · e′∗)− (p · ǫ′∗)(ǫ · e′∗))
−(e · ǫ′∗)(p · e′∗)(ǫ · p′) + (e · p) ((ǫ · ǫ′∗)(e′∗ · p′)− (ǫ · p′)(e′∗ · ǫ′∗))] + (e · p)(q · e′∗)2 ((ǫ · ǫ′∗)(e · p′)
−(e · ǫ′∗)(ǫ · p′))− (p · ǫ′∗)(e · ǫ)(q · e′∗) ((e · p′)(q · e′∗) + (e · q′)(e′∗ · p′))}} . (28)
In the following step, using Eq. (22), together with Eq. (28), we will compute the time evolution of the ρ
(γ)
ij elements.
6FIG. 1: Feynman diagrams for the photon-graviton scattering, dashed lines represent gravitons, wavy lines represent photons.
Diagrams (a) and (b) give the amplitude M1, Eq. (24); diagram (c) gives the amplitude M2, Eq. (25); diagram (d) gives the
amplitude M3, Eq. (26).
B. Computation of the forward scattering term
In order to compute the forward scattering term in (3), we need to take the expectation value of the expression
i
[
Hγg(t),D(γ)ij (k)
]
= i
∫
dqdq′dpdp′(2π)3δ(3)(q′ + p′ − q− p)M2
[
b†r′(q
′)br(q)a
†
s′ (p
′)aj(k)2p
0(2π)3δisδ
(3)(p− k)
−b†r′(q′)br(q)a†i (k)as(p)2p′0(2π)3δjs′δ(3)(p′ − k)
]
. (29)
The expectation value of a generic operator A is defined as
〈A〉 = tr(ρˆ(i)A) , (30)
ρˆ(i) being the density operator of a system of particles. Applying this definition to the case of photons, one can find the
following expression for the expectation value of the product between photon creation and annihilation operators [4]〈
a†m(p
′)an(p)
〉
= 2p0(2π)3δ(3)(p− p′)ρ(γ)mn(p) , (31)
where ρ
(γ)
ij is the polarization density matrix of the electromagnetic radiation
ρ
(γ)
ij =
1
2
(
I(γ) +Q(γ) U (γ) − iV (γ)
U (γ) + iV (γ) I(γ) −Q(γ)
)
, (32)
I(γ), Q(γ), U (γ), and V (γ) being the Stokes parameters. For unpolarized radiation, Q(γ) = U (γ) = V (γ) = 0, and the
parameter I(γ) describes the intensity of unpolarized radiation. For polarized radiation, Q(γ) represents the difference
in the intensities of linear polarized radiation along the x and y axes, U (γ) represents the difference in the intensity
of linear polarized radiation along axes rotated by 45◦ with respect to the x and y axes, and V (γ) represents the
difference in the intensity of the two circular polarizations.
By the same reasoning, one can find an analogous relation for gravitons〈
b†m(q
′)bn(q)
〉
= 2q0(2π)3δ(3)(q− q′)ρ(g)mn(q) , (33)
7where ρ
(g)
mn is the polarization density matrix of gravitons [18, 19]
ρ(g)mn =
1
2
(
I(g) +Q(g) U (g) − iV (g)
U (g) + iV (g) I(g) −Q(g)
)
, (34)
in which I(g), Q(g), U (g) and V (g) are the Stokes parameters associated to gravitons; in general these are given in terms
of the power-spectrum statistics of the gravitons. As an example, let us consider I(g). The total tensor power-spectrum
Ph of gravitons is defined as
〈hrµν(x)hµνr (x+ r)〉 =
∫
d3q
(2π)3
Ph(q)e
−iq·r . (35)
If we insert Eq. (9) into the left-hand side of the previous equation and we use Eqs. (10) and (11) we find
I(g)(q) = 2q0Ph(q) . (36)
Now, using the expectation values (31) and (33) and performing the integration over p, p′ and q′, we find that the
forward scattering term is given by
i
〈[
Hf (t),D(γ)ij (k)
]〉
= i (2π)3δ(3)(0)
∫
dq
(
δisρ
(γ)
s′j (k)− δjs′ρ(γ)is (k)
)
ρ
(g)
rr′(q)M
r,r′,s,s′
2 (q
′ = q,p = p′ = k) , (37)
where the contraction between Latin indices is made with Kronecker delta. Thus, recalling the expression of M2, Eq.
(28), and inserting Eq. (37) back into Eq. (3), after some straightforward algebra we finally get the time evolutions
of the photon Stokes parameters in the following form
I˙(γ) = 0 , (38)
Q˙(γ) =
κ2
k0
∫
dq I(g)(q) (q · ǫ1(k)) (q · ǫ2(k))V (γ) , (39)
U˙ (γ) = − κ
2
2k0
∫
dq I(g)(q)
[
(q · ǫ1(k))2 − (q · ǫ2(k))2]V (γ) , (40)
V˙ (γ) =
κ2
2k0
∫
dq I(g)(q)
[(
(q · ǫ1(k))2 − (q · ǫ2(k))2)U (γ) − 2 (q · ǫ1(k)) (q · ǫ2(k))Q(γ)] , (41)
where dots stand for time derivatives.
Then, in order to take the integral over dq, we fix a coordinate system where the z-axis is aligned with the three-
momentum of the scattered photon k and photon polarization vectors ǫ1 and ǫ2 stay along x and y axes. In such a
case we can write the photon and graviton kinematic variables in the following form
k = k0 (0, 0, 1) , (42)
q = q0(sin θ′ cosφ′, sin θ′ sinφ′, cos θ′) , (43)
ǫ1 = (1, 0, 0) , (44)
ǫ2 = (0, 1, 0) , (45)
where θ′ and φ′ are the polar angles defining the direction of the three-momentum of the graviton in space. Thus, we
can rewrite the previous set of equations as
I˙(γ) = 0 , (46)
Q˙(γ) =
V (γ)
4k0
∫
d3q
(2π)3
q0 sin2 θ′ sin 2φ′κ2I(g)(q) , (47)
U˙ (γ) = −V
(γ)
4k0
∫
d3q
(2π)3
q0 sin2 θ′ cos 2φ′κ2I(g)(q) , (48)
V˙ (γ) =
1
4k0
∫
d3q
(2π)3
q0 sin2 θ′[cos 2φ′U (γ) − sin 2φ′Q(γ)]κ2I(g)(q) . (49)
8Finally, using the results of Appendix A, we can write
I˙(γ) = 0 , (50)
Q˙(γ) =
V (γ)
2πk0
κ2ρ¯gw
∑
l,m
∫
d2qˆ cIlm sin
2 θ′ sin 2φ′Y ml (θ
′, φ′) , (51)
U˙ (γ) = − V
(γ)
2πk0
κ2ρ¯gw
∑
l,m
∫
d2qˆ cIlm sin
2 θ′ cos 2φ′Y ml (θ
′, φ′) , (52)
V˙ (γ) =
1
2πk0
κ2ρ¯gw
∑
l,m
∫
d2qˆ cIlm sin
2 θ′[cos 2φ′U (γ) − sin 2φ′Q(γ)]Y ml (θ′, φ′) , (53)
where ρ¯gw is the energy density of gravitons averaged over all directions, Eq. (105) and c
I
lm are the harmonic
coefficients in the decomposition of I(g)(q) in terms of spherical harmonics, Eq. (102).
Let us briefly comment on this final set of equations: it is straightforward to verify that the source terms appearing in
the right-hand sides all identically vanish when photons interact with gravitons that are characterised by a statistically
isotropic power-spectrum. Thus, to achieve a nontrivial result, we need the photon to interact with an anisotropic
background of gravitons. In the latter case, Q and U photon polarization states couple with the V polarization
state, while the I unpolarized state remains unchanged. Notice that this result can be applied in full generality to
the interactions involving gravitons and photons of whatever origin. In the next section we will give some examples
applying our results to study the effect on the photon polarization due to the forward scattering with primordial
gravitons generated during inflation.
III. FORWARD SCATTERING WITH INFLATIONARY GRAVITONS
Standard slow-roll models of inflation predict an isotropic power-spectrum of primordial gravitons (for a review, see,
e.g., [20]). Therefore, in this case inflationary gravitons have no effect in Eqs. (51), (52), and (53). In this section, we
will briefly review some alternative models of inflation where a certain level of anisotropy in the tensor power-spectrum
is generated and, using Eq. (36), we will link the power-spectrum predicted by these models to the results found at
the end of Sec. II. At the end of the section we will provide a general estimate of the effects on CMB polarization.
A. Anisotropic solid inflation
Anisotropic solid inflation is a novel inflationary model studied in Refs. [21–23], based on the original model of solid
inflation [24]. According to this model, the inflationary period is driven by a configuration which behaves like a solid:
the space is fragmented into cells whose location is defined by a triplet of scalar fields φI(t,x), where I = 1, 2 or 3.
The three scalars can be viewed as the three coordinates that give the position, at time t, of the cell element that, at
the time t = 0, was in the position x. At the background level one has
〈φI〉 = xI , I = 1, 2, 3. (54)
From the previous equation we understand that the scalar fields φI are time-independent at the background level and
give a sort of “average position”of each cell. In order to require isotropy and homogeneity of the background, in the
Lagrangian of the theory the following internal symmetries are imposed
φI → φI + CI (55)
and
φI → OIJφJ , OIJ ∈ SO(3) . (56)
The most general action consistent with the previous symmetries and minimally coupled to gravity is given by [24]
S =
∫
d4x
√−g
{
M2P
2
R+ F [X,Y, Z] ,
}
, (57)
9where
X ≡ TrB = Bii , Y ≡ Tr
(
B2
)
(TrB)
2 , Z ≡
Tr
(
B3
)
(TrB)
3 , B
IJ ≡ gµν∂µφI∂νφJ . (58)
Writing down the background cosmological equations, the slow-roll parameters turn out to be [22, 24]
ǫ =
XFX
F
, η = 2
(
ǫ− 1− X
2FXX
XFX
)
, (59)
where FX = ∂F/∂X and the same for Y and Z.
The scalar field perturbations are given by
φI = xI + πI(t,x) . (60)
In particular, it is possible to decompose the perturbations πI(t,x) into a transverse and a longitudinal part, as
πI(t,x) = ∂IπL(t,x) + π
I
T (t,x) , ∂Iπ
I
T = 0 . (61)
The field πL(t,x) labels the “phonons” for the longitudinal fluctuations of the solid. The sound speeds of longitudinal
and transverse excitations are given by [22, 24]
c2L ≡ 1 +
2FXXX
2
3FXX
+
8(FY + FZ)
9FXX
, (62)
and
c2T = 1 +
2(FY + FZ)
3XFX
=
3
4
(
1 + c2L −
2ǫ
3
+
η
3
)
. (63)
The anisotropic version of this model is achieved introducing a preferred direction in the background metric; for
example, we can consider a Bianchi type-I background geometry with residual 2d isotropy
ds2 = −dt2 + a2 (t) dx2 + b2 (t) [dy2 + dz2] ,
a ≡ eα−2σ , b ≡ eα+σ , (64)
where the field σ labels the anisotropy. Here the x-axis is labeled as the preferred direction. Einstein’s equations for
this kind of background applied to solid inflation are given by [22]
H2 − σ˙2 =− F
3M2P
, (65)
H˙ + 3σ˙2 =
e4σ + 2e−2σ
3M2P
e−2αFX , (66)
σ¨ + 3Hσ˙ =
2(e4σ − e−2σ)
3M2P
e−2αFX − 4e
6σ(1− e6σ)FY
(2 + e6σ)3M2P
− 6e
6σ(1− e12σ)FZ
(2 + e6σ)4M2P
. (67)
If we rewrite Eq. (67) in the small anisotropy limit (i.e. σ ≪ 1), it becomes
σ¨ + 3Hσ˙ + 4ǫH2c2Tσ = 0 . (68)
Assuming nearly constant values of ǫ and cT one can solve Eq. (68) finding [22]
σ(t) ≃ σ1e−
∫
dt [(3−(2+c2L)ǫ)]H + σ2e
−
∫
dt 4
3
c2
T
ǫH , (69)
where σ1 and σ2 are two constants.
From Eq. (69) we understand that the general solution is a superposition of two kinds of solutions: the solution
proportional to σ1 is fast-decaying, while the solution proportional to σ2 is slowly decaying. The result is that,
immediately after the beginning of inflation, only the second solution survives. Moreover, if inflation does not last
longer than a time 1/
√
ǫcT , a residual anisotropic deformation of the background is preserved [22]; thus, solid inflation
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is not efficient in diluting the initial anisotropy, contrary to what happens in the standard slow-roll inflationary scenario
[38]. This is due to the fact that to produce inflation, the solid must be insensitive to the spatial expansion, but, at
the same time, this makes it rather inefficient in erasing anisotropic deformations of the geometry. In fact, Ref. [22]
shows that it is rather general to expect anisotropic evolution in these scenarios. For this reason, during a solid
inflationary period, signatures of primordial anisotropies can be left imprinted into primordial perturbations [22, 24].
In particular, in Ref. [23] the anisotropy in the power-spectrum statistics of primordial gravitons has been computed.
The final result is
P solidh (q) = P
(0)
h (q)
[
1 +
16NσFY
9ǫc5LF
[
ǫc5L(1 − 3 cos2 α)+2σN
FY
F
sin4 α
]]
, (70)
where P
(0)
h (q) = 4H
2/q3M2Pl is the total power-spectrum of gravitons in the standard slow-roll inflationary models,
N = − ln(−qηe) is the number of e-folds when the mode q leaves the horizon until the end of inflation, α is the angle
between the preferred direction and the momentum q of the graviton.
Now, let us assume that the preferred direction is completely general in the (x,y) plane [39], so that nˆ =
(cosφ, sinφ, 0). The angle α between the preferred direction nˆ and the generic graviton momentum qˆ =
(sin θ′ cosφ′, sin θ′ sinφ′, cos θ′) is given by
cosα = nˆ · qˆ = cosφ′ sin θ′ cosφ+ sinφ′ sin θ′ sinφ , (71)
sin2 α = 1− cos2 α = 1− cos2 φ′ sin2 θ′ cos2 φ− sin2 φ′ sin2 θ′ sin2 φ− 2 cosφ′ sin2 θ′ cosφ sinφ′ sinφ . (72)
Thus, apart from some coefficients, the integrals we have to compute turn out to be
I1 =
1
4
∫
d3q
(2π)3
q0 sin2 θ′ sin 2φ′κ2I
(g)
solid(q) = −B sin(2φ) , (73)
and
I2 =
1
4
∫
d3q
(2π)3
q0 sin2 θ′ cos 2φ′κ2I
(g)
solid(q) = −B cos(2φ) , (74)
where
B = κ2ρ¯gw
4NσFY
9ǫc5LF
[
8
5
ǫc5L+
128
105
σN
FY
F
]
, (75)
ρ¯gw being the energy density of primordial gravitons averaged over directions, as defined in Eq. (105).
At the end, inserting Eqs. (73) and (74) into Eqs. (47), (48) and (49) we obtain
Q˙(γ) =
I1
k0
V (γ) , (76)
U˙ (γ) = − I2
k0
V (γ) , (77)
V˙ (γ) =
1
k0
[
I2U
(γ) − I1Q(γ)
]
. (78)
B. Squeezed non-Gaussianity anisotropic imprint
Squeezed tensor bispectra can lead to anisotropic modulations of the tensor power-spectrum in some inflationary
scenarios, similarly to the effect induced in the curvature power-spectrum by the so-called tensor “fossils” (see [25–
31]). This can happen, e.g., in models of inflation where space-time diffeomorphisms are spontaneously broken (see,
e.g., [30, 31]). Here spontaneous breaking means that one or more scalar fields driving inflation admit a background
value which is not invariant under a generic space-time reparametrization.
In general, the squeezed limit of the three-gravitons bispectrum is given by (see, e.g., [31])
〈hs1(q1)hs2(q2)hs(Q)〉
Q→0−−−−→
q1≃q2
(2π)3δ(3)(q1 + q2 +Q)Ph(Q)Ph(q)
(
3
2
+ fNL
)
ǫsij(Q) qˆ
i
1qˆ
j
2 δs1s2 , (79)
11
where Q and q are the momenta of the long and short modes, respectively. The parameter fNL characterizes how
much we are violating the so-called Maldacena’s consistency relation (see Ref. [32]), due to the spontaneously breaking
of space-time reparametrizations.
It is possible to show that a single soft graviton h˜s(Q) is able to modulate the tensor power-spectrum as follows [31]
Ph(q)|h = Ph(q)(0) + h˜s(Q) 〈hs1(q1)hs2(q2)hs(Q)〉
′
Ph(Q)
, (80)
where P
(0)
h is the unmodulated total tensor power-spectrum and the prime
′ means that we have to drop the Dirac-
delta in the corresponding expression. Moreover, if we want to look for this modulation at a given position x in a
cube of volume V of physical space, we should consider the cumulative effect of all soft graviton modes with minimum
wavelength λL = V
1/3. This leads to a local quadrupolar anisotropy in the total tensor power-spectrum which can
be parametrized as
P squeezedh (q,x) = P
(0)
h (q)
(
1 + γij(x)qˆ
iqˆj
)
, (81)
where
γij(x) =
fNL
VL
∫
|Q|<QL
d3Q eiQ·x hs(Q)ǫ
s
ij(Q) . (82)
From its definition γij(x) depends on the position in space and is a stochastic Gaussian tensor field, with variance
given by
〈γij(x)γij(x)〉 = f
2
NL
V 2L
∫
|Q|<QL
d3QPh(Q) . (83)
From Eq. (81) we understand that γij(x) labels the local preferred directions of the tensor power-spectrum, due to
the modulation provided by long modes. For simplicity, we can assume that γij(x) is a constant, thus γij(x) = γij . In
this case γij is a three-dimensional symmetric constant matrix whose entries are proportional to fNL and fix the form
of the quadrupolar angular dependence. Notice that, a priori, γij takes a random value extracted from a Gaussian
distribution with variance given by Eq. (83). So, the precise angular dependence of the quadrupolar anisotropy is not
completely fixed by the theory, but depend on which particular realization γij is fixed during inflation.
Now, we take the modulated power-spectrum
P squeezedh (q) = P
(0)
h (q)
(
1 + γ¯ij qˆ
iqˆj
)
, (84)
with a fixed value γ¯ij , and we substitute Eq. (84) into Eqs. (47), (48), and (49). Recalling Eq. (36) and performing
some simple integrals, we finally get
Q˙(γ) = γ¯12
4
15
κ2ρ¯gw
k0
V (γ) , (85)
U˙ (γ) = − (γ¯11 − γ¯22) 2
15
κ2ρ¯gw
k0
V (γ) , (86)
V˙ (γ) =
2
15
κ2ρ¯gw
k0
[
(γ¯11 − γ¯22)U (γ) − 2γ¯12Q(γ)
]
. (87)
C. Effects on CMB polarization
It is of great cosmological interest to evaluate the effect of the (quantum) Boltzmann equations we derived on the
CMB photon polarization; in fact, the CMB represents one of the most important and studied cosmological sources
of photons in the universe (see e.g. Ref [33]).
Before the recombination epoch CMB photons are basically unpolarized, thus Q = U = V = 0 (see, e.g., [11]). In
this case, it is straightforward to show that no new physics is provided by the Boltzmann equations we derived. Then,
at the time of recombination, a small amount of Q polarization modes due to the Compton scattering of photons
with baryons is formed [11]. Thus, after the recombination epoch, we start with initial conditions where only the Q
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polarization mode is nonzero, i.e. Q(0) = Qinit and U(0) = V (0) = 0. In such a case, according to our Boltzmann
equations, V modes are initially coupled only with Q modes, through a set of differential equations like
V˙ =
(
κ2ρ¯gw
k0
A
)
Q , (88)
Q˙ = −
(
κ2ρ¯gw
k0
A
)
V , (89)
where
A =
1
2π
∑
l,m
∫
d2qˆ cIlm sin
2 θ′ sin 2φ′Y ml (θ
′, φ′) (90)
is a dimensionless parameter depending on the underlying theory. In Eqs. (88) and (89) we have dropped the U
modes. In fact, in our Boltzmann equation U modes vanish at the beginning of the time evolution and they are
coupled only with V modes, hence they cannot be produced until a reasonable amount of V modes is produced in
turn. If we neglect the time dependence of k0 and ρ¯gw due to the CMB gravitational redshift, this kind of coupled
set of differential equations can be easily solved leading to the oscillatory behavior
V = Qinit sin(ωt) , (91)
Q = Qinit cos(ωt) , (92)
where
ω =
κ2ρ¯gw
k0
A (93)
is the frequency of the oscillation.
The result is that the value of Q starts to decrease like a cosine, while the value of V grows like a sine. At a
certain time, when the value of V becomes important, the coupling between V and U modes should be taken into
consideration and can potentially lead also to the generation of U modes, modifying our general solution. However, let
us neglect for simplicity the U modes in all the discussion. This is equivalent to make a fine-tuning in the parameters
of the models we considered, in order to decouple U and V modes in the Boltzmann equations [40].
From Eqs. (88) and (89) we understand that the effect on CMB polarization is greater for photons with smaller
wave number k0, thus we consider CMB photons with comoving frequency of 1 GHz (k0 = 2πf), which is the order
of magnitude of the smallest CMB frequency that has been measured [41]. From the constraint on the total energy
density of gravitational waves today, provided by nucleosynthesis (ρ¯gw . 10
−5ρocrit, where ρ
o
crit is the critical energy
density of the universe today, see Ref. [34]) and from the definition of κ2 = 16πG it follows that, at the time of
recombination epoch (at redshift z ≈ 1100), we have
ωrec(f = 1GHz) . 5× 10−41A s−1 . (94)
From this constraint it follows that, if we take A ∼ 1, then, one year immediately after the recombination epoch, we
would obtain
V . 10−34Qinit . (95)
If we neglect gravitational red-shift and we integrate the effect from the recombination epoch until today (∼ 109 yr)
we have
V . 10−25Qinit . (96)
In this last case, neglecting in 109 yr the effect of gravitational redshift on the frequency k0 and on the energy density
ρ¯gw is indeed not a good approximation. However, if we account for it, we expect that the upper bound on V is even
smaller than the one shown in Eq. (96) [42]. Therefore, these estimations show that the forward scattering between
CMB photons and (primordial) anisotropic gravitons leads to the production of circular polarization in the CMB, but
this in general is very inefficient. This brief analysis suggests that unfortunately the CMB does not seem to be the
best source of photons to be used in searching for a signature of anisotropic (primordial) gravitons, and one should
look for other kinds of sources.
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IV. DISCUSSION AND CONCLUSIONS
In this paper we used a QFT approach to study the forward scattering of photons with gravitons, focusing on the
effect that this scattering has on photon polarization. We derived fully general (quantum) Boltzmann equations
which display a coupling among the Q, U linear polarization states and the V circular polarization state of photons.
In fact, these couplings are not vanishing only if photons interact with gravitons that have anisotropies in their
power-spectrum statistics. As an application of our general results we have considered some models of inflation where
primordial anisotropic gravitons are generated and we linked our Boltzmann equations to these models. Finally,
we evaluated the effect of a primordial anisotropic background of gravitons on the CMB polarization. We saw
that in general the effect on the CMB is expected to be very small in a way that it is probably impossible to
measure it via CMB polarization measurements. However, we have to be open-minded and think about alternative
scenarios where “artificial”polarized photons can be employed: in this case, playing with the initial values of the
Stokes parameters and with the frequency of the photons we could enhance the effects on the photons polarization.
Then, we could use controlled photons to probe statistical anisotropies in (primordial) backgrounds of gravitational
waves, e.g. constraining free parameters of alternative models of inflation. More in general, we could use our result to
search for any source of anisotropic gravitons in the universe. In the future we could use this new tool to get insight
into the physics of gravitational waves and provide an innovative way to look for gravitational-wave events.
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Appendix A : THE ENERGY DENSITY OF GRAVITATIONAL WAVES
In this Appendix we derive the energy density of gravitons (i.e. gravitational waves) in terms of gravitational Stokes
parameter I(g). Starting from the Lagrangian (7) we can find the energy density of gravitational waves as [43]
ρgw =
1
2
〈h˙µν h˙µν〉 . (97)
By inserting
h˙µν(x) =
i
2
∫
d3q
(2π)3
∑
r=+,×
[
b(r)q h
(r)
µν e
iqx − b(r) †q h(r) ∗µν e−iqx
]
, (98)
we have
ρgw = −1
8
〈∫
d3q
(2π)3
∫
d3q′
(2π)3
∑
r,r′
[
b(r)q h
(r)
µν e
iqx − b(r) †q h(r)∗µν e−iqx
] [
b
(r′)
q′ h
µν(r′) eiq
′x − b(r′) †q′ hµν(r
′)∗ e−iq
′x
]〉
, (99)
which is further simplified as
ρgw = −1
8
∫
d3q
(2π)3
∫
d3q′
(2π)3
∑
r=+,×
∑
r′=+,×
{
h(r)µν h
µν(r′) ei(q+q
′)(x) 〈b(r)q b(r
′)
q′ 〉 − h(r)µν hµν(r
′)∗ ei(q−q
′)(x) 〈b(r)q b(r
′) †
q′ 〉
−h(r)∗µν hµν(r
′) ei(q
′−q)(x) 〈b(r)†q b(r
′)
q′ 〉+ h(r)∗µν hµν(r
′)∗ e−i(q
′+q)(x) 〈b(r)†q b(r
′) †
q′ 〉
}
=
1
8
∫
d3q
(2π)3
∫
d3q′
(2π)3
∑
r=+,×
∑
r′=+,×
h(r) ∗µν h
µν(r′) ei(q
′−q)(x) 〈b(r)†q b(r
′)
q′ 〉
=
1
8
∫
d3q
(2π)3
∫
d3q′
(2π)3
∑
r=+,×
∑
r′=+,×
h(r) ∗µν h
µν(r′) ei(q
′−q)(x)
(
2q′0(2π)3δ(3)(q′ − q)ρrr′(q′)
)
. (100)
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Now, using Eqs. (33) and (11), we get
ρgw =
1
4
∫
d3q
(2π)3
∑
r=+,×
∑
r′=+,×
q0ρrr′(q)δr,r′ =
1
4
∫
d3q
(2π)3
q0 [ρ++(q) + ρ××(q)]
=
1
4
∫
d3q
(2π)3
q0I(g)(q) . (101)
We can expand I(g)(q) in terms of spherical harmonics as [35]
I(g)(q) = I(g)(q0)
∑
l,m
cIlmY
m
l (θ
′, φ′) . (102)
Therefore, one can write
ρgw =
π
2
∫
dff3I(g)(f)
∑
l,m
∫
d2qˆ cIlmY
m
l (θ
′, φ′) , (103)
where q0 = 2πf . The isotropic part of gravitational waves energy density, ρ¯gw, is given by
ρ¯gw =
π
2
cI00√
4π
∫
dff3I(g)(f)
∫
d2qˆ , (104)
and, after normalizing the monopole moment as cI00 =
√
4π and performing the angular integral, we finally get
ρ¯gw = 2π
2
∫
dff3I(g)(f) . (105)
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